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Introduction
FRG formalism for disordered systems
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Competition between interactions and fluctuations
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Interaction
𝑉𝑖𝑗 = −𝐽𝑆𝑖 ∙ 𝑆𝑗

System ⇒ Ordered

Thermal noise
𝜉(𝑟, 𝑡)

System ⇒ Disordered
Competition

Phase transitions and critical phenomena in pure systems
Crystals, Ferromagnets, BEC, Superconductors, Liquid crystals,…

Quenched disorder
ℎ(𝑟)

System ⇒More Disordered
Competition

Phase transitions and critical phenomena in disordered systems

Interaction
𝑉𝑖𝑗 = −𝐽𝑆𝑖 ∙ 𝑆𝑗

System ⇒ Ordered



Field theoretical formalism for disordered systems

5

✓ Hamiltonian of a disordered system: 𝐻 𝜙; ℎ (ℎ(𝑟): disorder)

✓ Partition function and free energy

𝑍 𝐽; ℎ ≔ න𝒟𝜙 exp −𝐻 𝜙; ℎ + 𝐽 ⋅ 𝜙

⇒ 𝑊 𝐽; ℎ ≔ ln𝑍 𝐽; ℎ

✓ Connected and disconnected Green functions

𝐺𝑐 𝑟1, 𝑟2 ≔ 𝜙 𝑟1 𝜙 𝑟2 ℎ − 𝜙 𝑟1 ℎ 𝜙 𝑟2 ℎ =
𝛿2𝑊 𝐽; ℎ

𝛿𝐽 𝑟1 𝛿𝐽 𝑟2

𝐺𝑑 𝑟1, 𝑟2 ≔ 𝜙 𝑟1 ℎ 𝜙 𝑟2 ℎ − 𝜙 𝑟1 ℎ 𝜙 𝑟2 ℎ

=
𝛿𝑊 𝐽; ℎ

𝛿𝐽 𝑟1

𝛿𝑊 𝐽; ℎ

𝛿𝐽 𝑟2
−
𝛿𝑊 𝐽; ℎ

𝛿𝐽 𝑟1

𝛿𝑊 𝐽; ℎ

𝛿𝐽 𝑟1

What we want to 
calculate

𝐽 ⋅ 𝜙 ≔ න𝐽 𝑟 𝜙 𝑟 𝑑𝑟



Replica field theory

It is difficult to calculate 𝑊 𝐽; ℎ = ln 𝑍 𝐽; ℎ .

⇒ Introduce 𝑛 replicas of the system with the same disorder

✓ Replicated fields and sources: 𝜙𝑎 𝑎=1,…,𝑛 and 𝐽𝑎 𝑎=1,…,𝑛

✓ Replicated partition function and free energy

𝑍 𝐽𝑎 ≔ෑ
𝑎=1

𝑛

𝑍 𝐽𝑎; ℎ = න𝒟𝜙𝑎 exp −෍
𝑎
𝐻 𝜙𝑎; ℎ + 𝐽𝑎 ⋅ 𝜙𝑎

⇒ 𝑊 𝐽𝑎 ≔ ln𝑍 𝐽𝑎

✓ Replicated effective action

Γ 𝜓𝑎 = −𝑊 𝐽𝑎 + 𝐽𝑎 ⋅ 𝜓𝑎, 𝜓𝑎 = 𝜙𝑎 =
𝛿𝑊 𝐽𝑎

𝛿𝐽𝑎
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This disorder average 
can be easily calculated.



Replica field theory

✓ Cumulant expansion of effective action

Γ 𝜓𝑎 =෍

𝑎

Γ1 𝜓𝑎 −
1

2
෍

𝑎,𝑏

Γ2 𝜓𝑎, 𝜓𝑏 +⋯
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Γ1 𝜓𝑎 = Γ[𝜓𝑎]

Γ2 𝜓𝑎, 𝜓𝑏 = Γ[𝜓𝑎]Γ[𝜓𝑏] − Γ[𝜓𝑎] Γ[𝜓𝑏]

See [G. Tarjus and M. Tissier, PRB 
78 024203 (2008)] for details

✓ Connected and disconnected Green functions

𝐺𝑐 𝑟1, 𝑟2 =
𝛿2Γ1 𝜓

𝛿𝜓𝛿𝜓
𝑟1,𝑟2

−1

𝐺𝑑 𝑟1, 𝑟2 = න
𝑟3,𝑟4

𝐺𝑐 𝑟1, 𝑟3
𝛿2Γ2 𝜓𝑎 , 𝜓𝑏

𝛿𝜓𝑎 𝑟3 𝛿𝜓𝑏(𝑟4)
𝐺𝑐 𝑟4, 𝑟2

What we need to calculate is Γ1 𝜓𝑎 and Γ2 𝜓𝑎, 𝜓𝑏 .



FRG formalism with replica

✓ Scale-dependent mass term

Δ𝐻𝑘 𝜙𝑎 =
1

2
෍

𝑎

න𝑑𝑞 𝑅𝑘(𝑞)𝜙𝑎(𝑞)𝜙𝑎(−𝑞)

⇒ 𝑍𝑘 𝐽𝑎 = න𝒟𝜙𝑎 exp ⋯− Δ𝐻𝑘 𝜙𝑎

⇒ Γ𝑘 𝜓𝑎 = − ln𝑍𝑘 𝐽𝑎 + 𝐽𝑎 ⋅ 𝜓𝑎 − Δ𝐻𝑘 𝜓𝑎

✓ Exact flow equation for Γ𝑘 𝜓𝑎

𝜕𝑘Γ𝑘 𝜓𝑎 =
1

2
Tr 𝜕𝑘𝑅𝑘

𝜕2Γ𝑘 𝜓𝑎
𝜕𝜓𝑎𝜕𝜓𝑏

+ 𝑅𝑘

−1

Note: ⋯ −1 involves the inversion of 𝑛 × 𝑛 matrix for the replica index.
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FRG formalism with replica

✓ Cumulant expansion of scale-dependent effective action

Γ𝑘 𝜓𝑎 =෍

𝑎

Γ1,𝑘 𝜓𝑎 −
1

2
෍

𝑎,𝑏

Γ2,𝑘 𝜓𝑎 , 𝜓𝑏 +
1

3!
෍

𝑎,𝑏,𝑐

Γ3,𝑘 𝜓𝑎, 𝜓𝑏 , 𝜓𝑐 −⋯

✓ Hierarchy of exact flow equations

𝜕𝑘Γ1,𝑘 𝜓 = (derivatives of Γ1,𝑘 𝜓 , Γ2,𝑘 𝜓𝑎, 𝜓𝑏 )

𝜕𝑘Γ2,𝑘 𝜓𝑎, 𝜓𝑏 = (derivatives of Γ1,𝑘 𝜓 , Γ2,𝑘 𝜓𝑎, 𝜓𝑏 , Γ3,𝑘 𝜓𝑎 , 𝜓𝑏, 𝜓𝑐 )

⋯
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See [G. Tarjus and M. Tissier, PRB 
78 024203 (2008)] for detailsNote: To truncate the hierarchy, it is often assumed 

that Γ3,𝑘 = Γ4,𝑘 = ⋯ = 0.



Nonequilibrium systems

10

✓ What happens when a disordered system is driven out of equilibrium?

C. J. Reichhardt, 
et. al., PRL 1998

Driven vortex lattices in dirty superconductors

G. W. Stagg, et. al. 
PRL 2017

Superfluid flowing in random media

Too complicated for theoretical analysis  ⇒ Introduction of a toy model



Model
Driven random manifold
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Elastic manifold in random potential at equilibrium

✓ Displacement field: 𝜙 = (𝜙1, … , 𝜙𝑁)

✓ Hamiltonian:

𝐻RM 𝜙; 𝑉 = න𝑑𝑟
1

2
∇𝜙 𝑟 2 + 𝑉 𝑟; 𝜙 𝑟
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Elastic energy Random potential

✓ Random force:

𝐹𝛼 𝑟; 𝜙 ≔ −𝜕𝜙𝛼𝑉(𝑟; 𝜙)

𝐹𝛼 𝑟; 𝜙 = 0

𝐹𝛼 𝑟; 𝜙 𝐹𝛽 𝑟′; 𝜙′ = Δ𝛼𝛽 𝜙 − 𝜙′ 𝛿(𝑟 − 𝑟′)

Δ𝛼𝛽 𝜙 : short-range function (~ 𝑒−𝑂(𝜙))

P. Le Doussal et al., PRE 69, 026112 (2004)

Disorder correlator



Elastic manifold in random potential at equilibrium

✓ Mean-square displacement: 

𝐵 𝑟 − 𝑟′ ≔ 𝜙 𝑟 − 𝜙 𝑟′ 2 ~ 𝑟 − 𝑟′ 2𝜁eq

⇒ 𝜁eq: Roughness exponent

✓ Trivial case: 𝐹𝛼 𝑟; 𝜙 is independent of 𝜙

⇒ 𝜁eq =
4 − 𝐷

2
(𝐷 ≤ 4)

✓ Short-range disorder (𝑁 = 1)

𝜁eq = Τ2 3 (𝐷 = 1: line)

𝜁eq ≃ 0.41 (𝐷 = 2:membrane)

𝜁eq ≃ 0.22 (𝐷 = 3: bulk)
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P. Le Doussal et al., PRE 69, 026112 (2004)
Simulation

Exact



Dimensional reduction and its failure

✓ Dimensional reduction

Naïve perturbation theory predicts the equivalence between

𝐷-dim. disordered system  &  (𝐷 − 2)-dim. system without disorder

14

A. P. Young, J. Phys. C 10, L257 (1977); G. Parisi and N. Sourlas, PRL 43 744 (1979)

Roughness exponent: 𝜁eq,DR =
4 − 𝐷

2
⇒ Contradicts experimental and numerical values of 𝜁eq

Naïve perturbation theory fails to capture a complex energy landscape.

M. Mézard and G. Parisi, J. Phys. I (Paris) 1, 809 (1991)

Same as the trivial case!



Driven random manifold

✓ Langevin dynamics:

𝜕𝑡𝜙 = −
𝛿𝐻RM 𝜙; 𝑉

𝛿𝜙
+ 𝐹NP 𝜙 + 𝜉

✓ Conditions for 𝐹NP 𝜙 :

1. Non-potential: 𝐹NP 𝜙 ≠ − Τ𝛿𝑈[𝜙] 𝛿𝜙

2. O(N) symmetry: 𝐹NP ℛ(𝜙) = ℛ 𝐹NP 𝜙

3. Linearity: 𝐹NP 𝑐𝜙 = 𝑐𝐹NP 𝜙

✓ Simplest choice:

𝐹NP 𝜙 = −𝑣𝜕𝑥𝜙（convection term）
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𝐷 = 1,𝑁 = 1 𝐷 = 1,𝑁 = 2

𝐷 = 2,𝑁 = 1

Thermal noise

Rotation



Results
Zero-temperature cases
T. H., J. Stat. Mech. (2019) 073301
T. H., Phys. Rev. B 96, 184202 (2017)
T. H., Phys. Rev. E 98, 032122 (2018)
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Dimensional reduction for driven disordered system
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Steady state equation: 𝑣𝜕𝑥𝜙
𝛼 = 𝛻2𝜙𝛼 + 𝐹𝛼 𝑟; 𝜙

• spatial coordinate 𝑥 → “time” 𝜏
• random force 𝐹𝛼 → “thermal noise” 𝜂𝛼

• 𝜕𝑥
2𝜙𝛼 ≪ 𝑣𝜕𝑥𝜙

𝛼 in the large-scale

Omitting 𝜕𝑥
2𝜙𝛼 ⇒ 𝑣𝜕𝑥𝜙

𝛼 = 𝛻⊥
2𝜙𝛼 + 𝐹𝛼 𝑟; 𝜙

𝑣𝜕𝜏𝜙
𝛼 𝜏, 𝑟⊥ = 𝛻⊥

2𝜙𝛼(𝜏, 𝑟⊥) + 𝜂𝛼(𝜏, 𝑟⊥)

𝜂𝛼 𝜏, 𝑟⊥ 𝜂𝛽 𝜏′, 𝑟⊥
′ = Δ 0 𝛿 𝜏 − 𝜏′ 𝛿(𝑟⊥ − 𝑟⊥

′ )

⇒ Dynamics of (𝐷 − 1)-dim. manifold with temperature 𝑇eff = ΤΔ 0 2𝑣

⇒ Roughness exponent: 𝜁⊥,DR = Τ(3 − 𝐷) 2 , 𝜁∥,DR = Τ(3 − 𝐷) 4



Breakdown of the dimensional reduction
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✓ Bare disorder correlator:

𝐹𝛼 𝑟; 𝜙 𝐹𝛽 𝑟′; 𝜙′ = Δ𝛼𝛽 𝜙 − 𝜙′ 𝛿(𝑟 − 𝑟′)

✓ Renormalized disorder correlator:

෨𝐹𝛼 𝑟; 𝜙 ෨𝐹𝛽 𝑟′; 𝜙′ = ෨∆𝑙
𝛼𝛽

𝜙 − 𝜙′ 𝛿(𝑟 − 𝑟′)

✓ Fixed point: 𝜕𝑙 ෨∆∗
𝛼𝛽

𝜙 = 0

Integrating out modes with 𝑒−𝑙Λ < 𝑞 < Λ

• ෨∆∗
𝛼𝛽

𝜙 is analytic at 𝜙 = 0.   ⇒ The DR holds.

• ෨∆∗
𝛼𝛽

𝜙 has a cusp at 𝜙 = 0.  ⇒ The DR can fail.

Non-analyticity of disorder correlator  ⇒ Metastability of zero-temp. states 

Equilibrium cases: L. Balents et al., J. Phys. I (Paris) 6 1007 (1996)

𝑙 = − log 𝑘



Renormalized disorder correlator
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✓ Fixed point 𝜕𝑙 ෨∆∗
𝛼𝛽

𝜙 = 0 at 𝐷 = 2 ✓ Roughness exponent 𝜁⊥ at 𝐷 = 2

Cusp at 𝜙 = 0 𝜁⊥ = 𝜁⊥,DR = 0.5 for 𝑁 = 1

Equilibrium case 
at 𝐷 = 3

• The breakdown of the DR is weaker than the equilibrium case.

• The DR recovers for 𝑁 = 1, despite of a cuspy behavior of ෨∆∗
𝛼𝛽

𝜙 . 



Driven random field XY model

✓ Two-component field: Φ = (Φ1, Φ2)

✓ Hamiltonian:

𝐻 Φ = න𝑑𝑟
1

2
∇Φ 2 + 𝑈 |Φ| − ℎ ∙ Φ

✓ Potential: 𝑈 |Φ| =
𝜅

2
Φ − 1 2

✓ Random field: ℎ 𝑟 = ℎ1 𝑟 , ℎ2 𝑟

⇒ ℎ𝛼 𝑟 ℎ𝛽 𝑟′ = ℎ0
2𝛿𝛼𝛽𝛿(𝑟 − 𝑟′)

✓ Dynamics:

𝜕𝑡Φ
𝛼 + 𝑣𝜕𝑥Φ

𝛼 = −
𝛿𝐻[Φ]

𝛿Φ𝛼
+ 𝜉𝛼

20

T. Araki, PRL 109, 257801 (2012)

Example: Liquid crystal flowing 
in a porous medium
• Irregular surface of a porous 

medium ⇒ Disorder
• Flow sustained by a pressure 

gradient ⇒ Driving



Spin-wave approximation of DRFXYM

✓ Phase variable: Φ = Φ1, Φ2 = cos𝜙 , sin𝜙

✓ Hamiltonian: 

𝐻 𝜙 = න𝑑𝑟
1

2
∇𝜙 2 − ℎ1 cos 𝜙 − ℎ2 sin𝜙

✓ Dynamics:

𝜕𝑡𝜙(𝑟) + 𝑣𝜕𝑥𝜙(𝑟) = ∇2𝜙(𝑟) + 𝐹 𝑟; 𝜙 + 𝜉(𝑟, 𝑡)

✓ Random force: 𝐹 𝑟; 𝜙 = −ℎ1 sin𝜙 + ℎ2 cos 𝜙

⇒ 𝐹 𝑟; 𝜙 𝐹 𝑟′; 𝜙′ = ℎ0
2 cos(𝜙 − 𝜙′)𝛿(𝑟 − 𝑟′)

Driven random manifold (𝑁 = 1) with a periodic disorder correlator
21



Berezinskii-Kosterlitz-Thouless transition

✓ 2D system with U(1) symmetry (XY spin, superfluid film, …)

22

Vortex

Antivortex

Φ 𝑟 ⋅ Φ(0) : spin-spin correlation



BKT transition in 3D DRFXYM

Note: For 𝑁 = 1, the DR is applicable for the driven random manifold.

⇒ 3D driven random manifold     = 2D pure manifold with 𝑇eff = Τℎ0
2 2𝑣

3D driven random field XY model  = 2D XY model with 𝑇eff = Τℎ0
2 2𝑣

For weak disorder, the 3D DRFXYM exhibits quasi-long-range order:

𝐺𝑑 𝑟1, 𝑟2 ≔ Φ 𝑟1 Φ 𝑟2 −Φ 𝑟1 Φ 𝑟2 ~ 𝑟1 − 𝑟2
−𝜂(∆,𝑣)

𝜂(∆, 𝑣): Anomalous exponent depending on disorder ∆ and velocity 𝑣

For strong disorder, the BKT transition to disordered phase occurs?

23

Spin-wave approximation



Helicity modulus in 2D XY model

✓ Helicity modulus (2D case)

Twist force at boundary:

𝑓 𝜃0 = 𝐿 sin 𝜃𝑖+1,𝑗 − 𝜃𝑖,𝑗

Helicity modulus: 𝛾 = lim
𝜃0→0

Τ𝑓 𝜃0 𝜃0

24

✓ Discontinuity of 𝛾 at BKT transition

lim
𝜀→0

𝛾 𝑇c − 𝜀 = 𝛾c, lim
𝜀→0

𝛾 𝑇c + 𝜀 = 0

Universal jump:
𝑇c
𝛾c
=
𝜋

2

T

γ

Tcc

γcc



Helicity modulus in 3D-DRFXYM

✓ Helicity modulus (3D case)

Twist force at boundary:

𝑓 𝜃0 = 𝐿 sin 𝜃𝑖𝑥,𝑖𝑦,𝑖𝑧+1 − 𝜃𝑖𝑥,𝑖𝑦,𝑖𝑧

Helicity modulus: 𝛾 = lim
𝜃0→0

Τ𝑓 𝜃0 𝜃0

25

✓ Discontinuity of 𝛾 at 3D BKT transition

Replacement: 𝑇 → 𝑇eff = Τℎ0
2 2𝑣

Universal jump:
ℎ0,𝑐
2

𝛾𝑐𝑣
= 𝜋

h0

γ

γcc

h0,cdriving direction



Numerical results (tentative)
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ℎ0,𝑐
2

𝛾𝑐𝑣
= 𝜋

✓Helicity modulus for velocity 𝑣 = 2 ✓ Jump of helicity modulus

Unpublished

ℎ0,𝑐

𝛾𝑐



Vortex dissociation picture
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✓ 2D pure XY model

✓ 3D-DRFXYM

• QLRO phase
(Low temperature)

• Disordered phase
(high temperature)

• QLRO phase
(Weak disorder)

• Disordered phase
(Strong disorder)

𝑥 ⇒ “Time”
Vortex lines  ⇒
Trajectory of vortices



Results
Finite-temperature cases
Unpublished
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Diffusion effect by thermal fluctuations

Thermal fluctuations  ⇒ Diffusion between meta-stable states

⇒ Smoothing out the cusp of disorder correlator Δ(𝜙)

29

✓ RG equation at finite 𝑇:  𝜕𝑙Δ 𝜙 = 𝑇𝜕𝑙
2Δ 𝜙 + zero 𝑇 terms

Diffusion due to thermal fluctuations

“Thermal boundary layer”
L. Balents and P. Le Doussal,
Ann. Phys. 315 213 (2005)

Renormalized 
disorder correlator



Heating effect by nonequilibrium driving

✓ Renormalization of temperature 𝑇

30

• Nonequilibrium case

𝜕𝑙𝑇𝑙 = − 𝐷 − 2 + 2𝜁⊥ 𝑇𝑙 + 𝑂(𝑇𝑙𝑣
2Δ)

⇒ Temperature renormalization by 
nonequilibrium driving

⇒ Temperature becomes relevant.

⇒ Thermal fluctuations can change the 
large-scale behavior.

• Equilibrium case

𝜕𝑙𝑇𝑙 = − 𝐷 − 2 + 2𝜁 𝑇𝑙

⇒ No temperature renormalization, 
except for trivial rescaling

⇒ Temperature is irrelevant.

⇒ Thermal fluctuations do not affect 
the large-scale behavior.

Consequence of the time-reversal symmetry
L. Canet et al., J. Phys. A 44, 495001 (2011)

Combination of disorder and driving⇒ Heating
L. Balents et al., PRB 57, 7705 (1998)



Roughness exponent
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✓ Transverse exponent 𝜁⊥ at 𝐷 = 2 ✓ Longitudinal exponent 𝜁∥ at 𝐷 = 1

𝜁⊥,finite < 𝜁⊥,zero⇒ The thermal
fluctuations reduce the roughness.

𝑇 > 0 → 𝜁∥ ≥ Τ(2 − 𝐷) 4
⇒ 𝜁⊥,finite > 𝜁⊥,zero for large 𝑁

𝜁∥ = Τ1 4



Crossover from finite to zero temperature

✓ ζ⊥,𝑙(𝑇0): Scale-dependent exponent with the bare temperature 𝑇𝑙=0 = 𝑇0

32

𝑁 = 1 𝑁 = 1.5

𝑙 𝑙
𝑙L: Larkin scale 𝑙L: Larkin scale

⇒ ζ⊥,𝑙 0 ≠ lim
𝑇0→0

ζ⊥,𝑙(𝑇0) for 𝑙 > 𝑙L ( 𝑙L: scale at which Δ 𝜙 develops a cusp )



Crossover of RG flow in disorder-temperature space
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Zero-𝑇 FP

Disorder

Temperature

Finite-𝑇 FP

Bare temperatures 𝑇0

✓ Naïve expectation✓ Actual RG flow

Rapid increase of 𝑇𝑙 at 𝑙 = 𝑙L ( “temperature explosion” )
⇒ Zero-𝑇 FP is not accessible in the limit 𝑇0 → 0 !

Flow approaches zero-𝑇
FP when 𝑇0 → 0.



Numerical simulation for 𝑁 = 𝐷 = 1 (tentative)

34

✓ Simulated annealing

Quasi-static cooling

Hight 𝑇

Zero 𝑇

∼ 𝐿𝜁SA

✓ Question: 𝜁SA = 𝜁⊥,zero or 𝜁⊥,finite ?

MSD: 𝐵 𝑟 = 𝜙 𝑟 − 𝜙 0 2



Summary

✓ Zero temperature case
• Dimensional reduction:

• To what extent does the DR fail?  ⇒ Non-analyticity of renormalized disorder

• BKT transition in 3D driven random field XY model

✓ Finite temperature case
• Heating effect by nonequilibrium driving  ⇒ Importance of temperature

• Anomalous crossover from finite- to zero-temperature RG flow
⇒ The zero-𝑇 scaling is not observable in the real world?

35

𝐷-dim. driven disordered system at 𝑇 = 0 (𝐷 − 1)-dim. pure system at 𝑇 ≠ 0≅



Appendix
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Dynamical formulation of FRG

✓ Langevin dynamics:

𝜕𝑡𝜙 = 𝑓 𝜙 + 𝜉, 𝜉(𝑟, 𝑡)𝜉(𝑟′, 𝑡′) = 2𝑇𝛿 𝑟 − 𝑟′ 𝛿(𝑡 − 𝑡′)

⇒ 𝑍 𝐽, መ𝐽 = න𝒟𝜙𝒟 ෠𝜙 exp −𝑆 𝜙, 𝑖 ෠𝜙 + 𝐽 ⋅ 𝜙 + መ𝐽 ⋅ 𝑖 ෠𝜙

𝑆 𝜙, 𝑖 ෠𝜙 = න𝑑𝑟𝑑𝑡 𝑖 ෠𝜙 𝜕𝑡𝜙 − 𝑓 𝜙 − 𝑇 𝑖 ෠𝜙
2

✓ Scale-dependent mass term:

Δ𝑆𝑘 𝜙, 𝑖 ෠𝜙 =
1

2
න𝑑𝑞𝑑𝜔 𝑅𝑘 𝑞 𝑖 ෠𝜙(𝑞, 𝜔)𝜙(−𝑞,−𝜔)

⇒ Scale-dependent effective action: Γ𝑘 𝜓, 𝑖 ෠𝜓

37

See [L. Canet et al., J. Phys. A 44, 
495001 (2011)] for details

𝜓 =
𝛿 ln𝑍𝑘[𝐽, መ𝐽]

𝛿𝐽

𝑖 ෠𝜓 =
𝛿 ln𝑍𝑘[𝐽, መ𝐽]

𝛿 መ𝐽
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