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Introduction: FRG formalism for disordered systems
Model: driven random manifold (DRM)

Zero-temperature case

* Dimensional reduction

* Breakdown of dimensional reduction in DRM

e BKT transition in three-dimensional random field driven XY model

Finite-temperature case
* Relevance of temperature in nonequilibrium stead states
 Anomalous crossover from finite- to zero-temperature cases

Summary



Introduction
FRG formalism for disordered systems



Competition between interactions and fluctuations
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Phase transitions and critical phenomena in pure systems
Crystals, Ferromagnets, BEC, Superconductors, Liquid crystals,...
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System = More Disordered

Phase transitions and critical phenomena in disordered systems



Field theoretical formalism for disordered systems

v Hamiltonian of a disordered system: H[¢; h] (h(r): disorder)
v’ Partition function and free energy

Z|J; h] = Jr Do exp(—H[p; h] + ] - p) < J- ¢ = J](?‘)(/)(T)dr

= WI|J; h] =InZ|J; h]
v" Connected and disconnected Green functions
52W|J; hj

Ge(ry, 12 ) = {p(r)d (1)) n — (D(r))n{p(r))n = 6] (1r1)6](13)

What we want to
calculate

Ga(ry,12) = AP )P () — (P ))n (D(2))n
_ SWIRIoWT;h]  SWIhl SWTiA] ;

B 6/(r) 6](r3) 6/ (ry) 6/ (ry)



Replica field theory

It is difficult to calculate W|/J; h] = InZ|J; h].
= Introduce n replicas of the system with the same disorder
v’ Replicated fields and sources: {¢q}a=1..n and {a}a=1..n

v’ Replicated partition function and free energy

n

Z[{]a}: = Z]a; h] = f D, exp <_ ZaH[(pa; h] +Ja ¢a>

a=1

= W] = InZ| -
-Ua}] n _Ua}] This disorder average

v’ Replicated effective action can be easily calculated.

0 a
F{ya}] = =Wl + Jo - Ve, Yq = (da) = W5[]U :



Replica field theory

v Cumulant expansion of effective action
r _ r 1 r Iy [l/)a] — F[lpa]
o)l = ) Tiliba] - fzb 2Wa ¥l + - < 11y, v,] = THTT00] - T0a] T
a a,
< >
v Connected and disconnected Green functions
52 Fl [lp] -1 {See [G. Tarjus and M. Tissier, PRB ]
Gc(rl,rz ) = ( 5o )r r 78 024203 (2008)] for details
1,12

B 62F2 [lpai l/Jb]
Gq(ry,12) = j;ﬂg,m Ge(r1,73) 6, (13)09) (1)

What we need to calculate is I [y, ] and I, [y, Y3, .

G (1, 72)



FRG formalism with replica

v’ Scale- dependent mass term Ri(lq))
A (g0 = Z | da Re(@)ba(@da(-a) ¢
= Z [Ua)] = j Dpg exp(-+ — AHy [{pa)]) \
= T [(Ya}] = — I Z [Ja] + o - Yo — AH [(0)] c ol

v’ Exact flow equation for I, [{i,}]

1 02T, [(W, -
Okl [{Ya}] = ETF (akRk [ al;[gl/;)b}] + Rk] )

Note: [--- ]~ involves the inversion of n X n matrix for the replica index.




FRG formalism with replica

v Cumulant expansion of scale-dependent effective action

[y [{Ya)] zrlk Yal ——Z 2jela ¥l + 5 2 B3 [a, ¥p, ¥l —

a,b,c

v’ Hierarchy of exact flow equations
0i Iy i [W] = (derivatives of [y ;[ ], Tz k [Ya, b 1)

0k k[Wa, Y] = (derivatives of I k [W], Ik [Ya, Yul, T3k [Ya, ¥p, Y ])

{See [G. Tarjus and M. Tissier, PRB J

Note: To truncate the hierarchy, it is often assumed 78 024203 (2008)] for details

that F3,k — F4,k —_ = O




Nonequilibrium systems

v What happens when a disordered system is driven out of equilibrium?

C. J. Reichhardt, 0 5 ‘
et. aI., PRL 1998 Driving Force f/f,
7

G. W. Stagg, et. al.
PRL 2017

7

Driven vortex lattices in dirty superconductors

Superfluid flowing in random media

Too complicated for theoretical analysis = Introduction of a toy model

10




Model

Driven random manifold
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Elastic manifold in random potential at equilibrium

v’ Displacement field: ¢ = (¢*, ..., ™)
o
v Hamiltonian:

1
Hrmlo; V] = fdrliwq')(rﬂz

Elastic energy

- es e o
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S T =
l
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v Random force: &
FE(r; ¢) = —04paV(r; @)

{F“(r; ¢)=0 Mr correlator p
Fa(r; Q)FE(r'; o) = A*F (¢ — ¢ )8 (r — 1)

P. Le Doussal et al., PRE 69, 026112 (2004)
A%B (@) : short-range function (~ e ~2(®))
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Elastic manifold in random potential at equilibrium

v’ Mean-square displacement: 01,
B(r —1") = ([p(r) — ¢(r")]2) ~ |r — 1'|*¢ea
= (eq: Roughness exponent

v’ Trivial case: F%(r; ¢) is independent of ¢

(o)
OO0
O
o (o]
(o)
i o - - Y
o] Oo (o]
(o]
(o)
O O
Y &
O o
D ke
l
=
=~

=>(eq=T (DS4)

=1

VA
v’ Short-range disorder (N = 1)
leq = 2/3 (D = 1:line) J Exact ‘
(eq = 0.41 (D = 2: membrane) T Simulation ¢
(eq = 0.22 (D = 3: bulk) P. Le Doussal et al., PRE 69, 026112 (2004)
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Dimensional reduction and its failure

v Dimensional reduction

Naive perturbation theory predicts the equivalence between
D-dim. disordered system &

A. P. Young, J. Phys. C 10, L257 (1977); G. Parisi and N. Sourlas, PRL 43 744 (1979)

< >

4 —-D 2 Same as the trivial case!

Roughness exponent: (o pr = 5

= Contradicts experimental and numerical values of {¢q

Naive perturbation theory fails to capture a complex energy landscape.

M. Mézard and G. Parisi, J. Phys. | (Paris) 1, 809 (1991)
14



Driven random manifold

v’ Langevin dynamics: Thermal noise
L D=1,N=1 D=1N=2
6Hrm|p; V] — — —
0t = — 5% + Fyplop] +¢ (a) b)

v' Conditions for Fyp[@]:
1. Non-potential: Fypl¢p] = — SU[¢]/5¢
2. O(N) symmetry: Fyp[R(P)] = R(Fyplo])
3. Linearity: Fyp[cop] = cFypld]
=

v’ Simplest choice:

Fypl®] = —v0,¢ (convection term)




Results

/ero-tem perature cases

T. H., J. Stat. Mech. (2019) 073301
T. H., Phys. Rev. B 96, 184202 (2017)
T. H., Phys. Rev. E 98, 032122 (2018)
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Dimensional reduction for driven disordered system

Steady state equation: v9, % = V2% + F¥(r; ¢)
JL 079" K v0,¢% in the large-scale
Omitting 02¢% = v0,0% = V2% + F*(r; ¢)

U e spatial coordinate x - “time” 1
* random force F% - “thermal noise” n“

vo,¢%(t, 1) = Vip*(z, 7)) + n*(T, 1)
(n* (@, r NP (', 1)) = A0)S(r — )8 (ry — 1)

qou

e

o.0 o manifold
) . .0
(o
(o)
o© OO -

o

¢ *

trajectory

time 7

= Dynamics of (D — 1)-dim. manifold with temperature T = A(0) /2v
= Roughness exponent: {, pr = (3 —D)/2, {,pr = (3 —D)/4
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Breakdown of the dimensional reduction

v’ Bare disorder correlator:

Fa(r; )FE(r'; ¢") = A% (¢ — ¢S (r — 1)
<L Integrating out modes withe 'A< g < A

v Renormalized disorder correlator:

Fa(r; p)FB(r'; ') = AY (¢ — BLIGEEY

v’ Fixed point: 6153[)) () =0

. Efﬁ(qb) is analyticat ¢ = 0. = The DR holds.
« A% (@) hasacuspatp = 0. = The DR can fail.

A(p)

N

[ =—logk

Ap)

.

Renormalization

\

_

N

4

Non-analyticity of disorder correlator = Metastability of zero-temp. states

Equilibrium cases: L. Balents et al., J. Phys. | (Paris) 6 1007 (1996)
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Renormalized disorder correlator

v’ Fixed point 6155[)) (p) =0atD =2 v Roughness exponent {; at D = 2
Cuspatgp =0
Bl
PR " N=1 —— 0 DRM ——
N=2 RM
0.8 N=3 - (N+2)1 |
0.6 N=4 - (N+4)
< 0. N=5
= 0a | ¢ Equilibrium case
' atD =3
0.2 ]
; NI N
0 1 2 3 4 5 6 1 23 456 7 8 9 10
U N

 The breakdown of the DR is weaker than the equilibrium case.

* The DR recovers for N = 1, despite of a cuspy behavior of Efﬁ (¢). 19



Driven random field XY model

v’ Two-component field: ® = (d1, d?)

v’ Hamiltonian:

H[®] = jdr ElVCDIZ +U(|®P|) —h-d

v Potential: U(|®|) = -~ (|®| — 1)?
v’ Random field: h(r) = (hl(r), h%(r))
= h*(r)hP(r") = h36%Fs(r — 1)

v Dynamics:

SH[®]
0t¢a+v0x¢a=— 6(1)“ +€a

-

Example: Liquid crystal flowing

in a porous medium

* Irregular surface of a porous
medium = Disorder

* Flow sustained by a pressure
gradient = Driving

P — T

“1=450 =500 (=800
T. Araki, PRL 109, 257801 (2012)

~
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Spin-wave approximation of DRFXYM

v’ Phase variable: ® = (1, ®%) = (cos ¢, sin ¢)
v Hamiltonian:

()
1 ?
H[qb]:fdr[EIqulz—hlcosqb—hzsinqb] H h? ?—

v’ Dynamics:
0 p(r) + vo,p(r) = V2p(r) + F(r; ¢) + §(1, 1)
v Random force: F(r; ) = —h'sin¢ + h? cos ¢
= F(r; F(r'; ¢7) = hZ cos(p — ¢")6(r — 1)
=

Driven random manifold (N = 1) with a periodic disorder correlator
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Berezinskii-Kosterlitz-Thouless transition

v’ 2D system with U(1) symmetry (XY spin, superfluid film, ...) e

Topologically ordered phase
(Quasi-long-range order)

Vortex-antivortex pair |

Cr)~r"  Tgr

(P(r) - @(0)): spin-spin correlation

. 77—\
Disordered phase PR aN

bt

® ° N~/ Y

o ® \\4—(/

o © ® ® Antivortex

A N S

Free vortex T 1« \I“— /17 ;’

). .

e Yy ¥ =N\

C(r)~e™ Sy
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BKT transition in 3D DRFXYM

Note: For N = 1, the DR is applicable for the driven random manifold.

= 3D driven random manifold = 2D pure manifold with Teg = h5/2v

ﬁ 4 Spin-wave approximation ﬁ

3D driven random field XY model = 2D XY model with T = h§/2v

< >

For weak disorder, the 3D DRFXYM exhibits quasi-long-range order:

1 (4, v): Anomalous exponent depending on disorder A and velocity v

For strong disorder, the BKT transition to disordered phase occurs?

23



Helicity modulus in 2D XY model

v’ Helicity modulus (2D case) v’ Discontinuity of y at BKT transition
Twist force at boundary: lir% YT —€) =7, lir% y(T.+¢)=0
E— E—
f(8o) = L(sin(B;41,; — 0;;)) T. =
Universal jump: — = —
Yo o2
-« L > Y
jtl—>= / / f
&
J — 7 / / fﬁ ’c
p— S}
0 i-1 i i+1 L T > T
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Helicity modulus in 3D-DRFXYM

v’ Helicity modulus (3D case) v’ Discontinuity of y at 3D BKT transition

Twist force at boundary: Replacement: T = Tegs = h3/2v

f(6y) = Lsin (Qix,iy,iz+1 — Hix,iy,iz)

Je

> > hy
driving direction ho,c




Numerical results (tentative)

v’ Helicity modulus for velocity v = 2

0.8 t

0.7 =
0.6 |

0.4 |
0.3 1
0.2t
0.1 t

2 .y L=30 —+—
EE L =40 S
% L=60 %
Ve mif
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?/{
hO,C uly] *é <1 I
D& x . 1
| | B fanny
2 2.2 2.4 2.6 2.8 3
hy

v Jump of helicity modulus
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VeV
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5
4|
3
2

I

! ; .
A .
h{,c
YcVU
i 3 4 s

|
Unpublished
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Vortex dissociation picture

v’ 2D pure XY model

* QLRO phase
(Low temperature)

S 7=\
7 7=\
P ey
NN~/ /¥
N <<y

v 3D-DRFXYM

* QLRO phase
(Weak disorder)

* Disordered phase
° (high temperature)

* Disordered phase
(Strong disorder)

x = “Time”
Vortex lines =
/ Trajectory of vortices
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Results

Finite-temperature cases
Unpublished

28



Diffusion effect by thermal fluctuations

= Diffusion between meta-stable states

= Smoothing out the cusp of disorder correlator A(¢)

Renormalized
disorder correlator

Aw) A(w)
| |
- T —_—

“Thermal boundary layer”
L. Balents and P. Le Doussal,
Ann. Phys. 315 213 (2005)

AN

T=0 T>0

- U

v' RG equation at finite T: 9;A(¢) = T97A(¢) + [zero T terms]

_— 1

Diffusion due to thermal fluctuations

29




Heating effect by nonequilibrium driving

v Renormalization of temperature T

* Equilibrium case

alTl — —(D — 2+ ZC)TZ alTl — —(D — 2+ ZCJ_)TI + O(TIUZA)
= No temperature renormalization, = Temperature renormalization by
except for trivial rescaling nonequilibrium driving

Consequence of the time-reversal symmetry

L. Canet et al., J. Phys. A 44, 495001 (2011) L. Balents et al., PRB 57, 7705 (1998)
= Temperature is irrelevant. = Temperature becomes relevant.
= Thermal fluctuations do not affect =

the large-scale behavior.
30



Roughness exponent

v Transverse exponent {; at D = 2 v’ Longitudinal exponent {jatD = 1
(a) 05 Finite T ——— (b) 05 [, Finite T -
E "-.1_ ZEI‘GT ...............

0.4

| C 03¢ |
4 G =1/4
0.2 | :
0.1 ' ' '
1 2 3 4 5
N

(J_,finite < (J_,zero = The thermal r>0- (II = (2 o D)/4‘
fluctuations reduce the roughness. = (| finite > $1 zero fOr large N
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Crossover from finite to zero temperature

v' () (Ty): Scale-dependent exponent with the bare temperature T;—y = T

(a)
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Crossover of RG flow in disorder-temperature space

v" Actual RG flow
Disorder A

-~ ]

Temperature

-

Bare temperatures T

Rapid increase of T; at [ = [}, ( “temperature explosion” )

= Zero-T FP is not accessible in the limit Ty, — 0!

.

v Naive expectation

Flow approaches zero-T

FP when T, — 0.

L

T




Numerical simulation for N = D = 1 (tentative)

v' Simulated annealing v Question: {sp = (| sero OF {1 finite ?

MSD: B(r) = ([¢(r) — ¢(0)]*)

B(r)

3 L =200 —s— |
¥ zero-T scaling
finite-T scaling

OJ | S
10 100
r
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Summary

v’ Zero temperature case
e Dimensional reduction:

IR

D-dim. driven disordered system atT = 0

* To what extent does the DR fail? = Non-analyticity of renormalized disorder
e BKT transition in 3D driven random field XY model

* Heating effect by nonequilibrium driving = Importance of temperature

 Anomalous crossover from finite- to zero-temperature RG flow
= The zero-T scaling is not observable in the real world?
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Appendix



Dynamical formulation of FRG

v’ Langevin dynamics:

dep =f(p)+¢, ()0, t)=2T6(r —r)é(t—t")
= Z[],]] = jw)mﬁ exp(=S|p,ip|+] - P+ ip) {

See [L. Canet et al., J. Phys. A 44,
495001 (2011)] for details

s[#,i6] = [ drde[id(o.e - @)} - T(19)’]

v’ Scale-dependent mass term: 5102, (],
g1 " p=—
35.[6,16] =3 [ dado Re(@id(a,0)p(~4,~w) ) o
. kLU
i) = -
= Scale-dependent effective action: I, [w,b, uﬁ] o

37
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